
�����������
	���
�����
�������
���
�����������	�� � !#"�$%�&!#"'�%���
()"��*	��+��!#"�,.-�"0/�!1��
�"�23��"��

4
57685:9<;>=@?A;>B
CEDGFIHKJLHKMNHKO
PRQ8STFIHVUKOWDROWXZY\[N]N^�_�Sa`

ScbdPNORegfhOiFIHj[ikhl#mEnWo�prq�[iDGsW[1UKJutv]dw1xWyixWz{`|OiUKQ}k\J\[~]�`|J��v�RO�[i���iD�])`|Q}�NJ���O
��m�X{[iJ�kr�g�A���R�W���G���N�����1���~���v���h�@���~�������R 

¡£¢h¤�¥�¦#§�¨i¥
©��RQZHKJ\XZQªOi«TbRUKO1HKOWFIHKQ�k�k\[1U�¬­J\DGP�®RUKQ�[i¯�OiMRH+X{[�°�®)Q{PNQ}HKQ}UKXZJ�DGQ�P�®�°�HK�RQZQ�±�O1m
k�MNHKJ\OiD0Oi«�HK�RQ²J\DN«r[1k\k�J�DGsZ³GO#¬²]GUj[1HK�GQvUTHK�G[iD0[1D�°|FVMGPGPRQ}D��v�G[iDRsWQ²J�D�HK�GQ²��Q}D~HVUj[1k
Q}DGsWJ�DRQWe�C*Qv�G[1XZJ�DGQ�HK�RQ:HVUj[iDRFVJLHKJ\OiD�«uUKOWX�bGMNUKQ�J�DR«�[ik�kNHKOcOWMNHV³�O�¬²]�J�D�HK�RQ���OiD~HKQv�NH
O1«�HK�GQ�J�DGFVJ\PRQ}m�OiMRH²��Oik�ku[1bGFVQ{Oi«�[£UKO1Hj[1HKJ�DGs�XZOik�Q���MGk\[#U8��k�OWM�P´��OiUKQie
CT��[�±�Q�«7OWkLm
k�O�¬�Q�P�DNMRXZQ}UKJ���[ik�kL°£HK�GQ²XZOiHKJ�OiD�Oi«AHK�GQ²FV�RO��v¯WQ�P|FV�GQ}k\k��}UKQ�[#HKQ�P�®�°�HK�RQ²J\XZbG[i�}H
O1«c[|FIHKQ�k�k\[1Uª¬­J�DGP%[iD�P�J\DN«r[1k\k�J�DGs´s�[1F�e�©��GQ}FVQ{«7MGk�kL°�HKJ�XZQ}m>PRQ}b)Q�D�PNQ�D�H²��[ik���MRk\[1m
HKJ�OiDGF²J�DG��k�MGPRQª��[iFVQ�F²®)O1HK�´¬­�RQ}UKQ�HK�RQªFV�GQ}k\k�«�[ik�k�F+®G[i�j¯|HKO�HK�RQ�FIHKQ}k\k\[#U�FVMNUV«r[1��QW]
[1D�P�¬­�GQvUKQ�JLH
®NUKQ�[i¯~F�OWMRHª[iF
[0HVUKMRQ{OWMRHV³GO�¬²e%ScFVFVMRXZJ�DGs�[�¬­J�D�P%k\[iMGDR�v�RQ�P
«uUKOWXµHK�GQTbRUKOiHKOiFIHKQ�k�k\[1U­FVMRUV«�[i��Qi]NHK�RQc®NUKQ�[i¯WOWMRH�HKJ�XZQTJ�F¶PNQ}HKQ}UKXZJ�DGQ�P
J\DZHKQ}UKXZFgOi«
HK�RQªbG[1Uj[iXZQvHKQ}UKF8PRQ�FV�vUKJ\®RJ�DGs�HK�RQ�¬­J�D�P·p{¸¹�º:]h»�ºAt�[iDGP���Oik�ku[1bGFVJ�DGs|��k�OWM�P´��OiUKQ
pr¼R½W]g¾­tve�©��GQ{HVUj[ibGb)Q�P�¬­J\DGP�bG�G[iFVQ£��OWDRFVJ\FIHKFªOi«c[�¬­J\DGP�FVMR¿Z�}J\Q}D~HKkL°%FIHVUKOiDGs
HKOªbGMGFV��X{[1HKQ}UKJ\[1k�®G[i�j¯Z«7UKOWXÀHK�RQaFIHKQ�k�k\[1UcFVMRUV«r[1��QW]G®GMRH:HKO�Oª¬�Q�[1¯£HKOª��[1UVUV°£HK�GQ
�RQ�[�±�°�]~FV�GO��j¯�Q�PZJ�DR«r[1k�k�OiMRH¶O1«*HK�GQTFIHj[1U�Á F­siUj[�±~JLHj[1HKJ�OWDG[ikdb)OiHKQ}D~HKJ\[1k@e�©*O+bRUKO~PNMG��Q
[£k\[1UKsWQvm>FV��[ik�QZOWMNHV³�O�¬²]�HK�RQ�FV�RO��v¯WQ�P´X{[#HKQ}UKJ\[ikAXªMRFIHa®)Qª[i®Gk�Q+HKO|��k�J�Xª®�OWMNH²Oi«
HK�RQ:FIHj[#U�Á FAs1Uj[#±~JLHj[1HKJ�OiD�[ikNb)OiHKQ}D~HKJ\[1k~¬:Q�k�kr]���[#UVUV°RJ�DRsc¬­JLHK�ªJLHhHK�RQ�PRQ}DGFVQW]iFI¬�Q�bNHVm�MGb
J�DN«r[ik�kre
ÂZÃ�ÄdÅ�Æ*Ç)È�É Ê�Ë}Ì�ÍIË}ÎNÏ�ÐKÑ>Ò}Ó�Ó�ÔiÍªÏ
ÔiÑ>ÒvÍjÌ@ÔWÓLÕ1Öj×~Ø�ÙRÚ#ÒvÑrÐ
ÔiÛ)Ü0ÝiÎ~Ñ Þ¶ÝißAÐjÕWÐKÑ�ÔiÍjÐ}Ù{ÏZÔ1ÐjÐjà
Ó�Ý1ÐjÐjÕWÐKÑ�ÔiÍjÐ}Ù:á�ÍKÒ}à@ÏZÔiÌ7Û�à@Ð�ÒVâ}ÎGÒvÛ)ËjÒ

ã¶ä åRæcç)èdé²ê+ë�ì*çdíKéTæ

î�ïiðiñ~ò�óvï�ïWóvóvï1ôGõvö�ñ~÷7÷7øùñN÷u÷�ú�ôdû�ü²ôþýdÿ}û~õvûGóKõ}ï1÷7÷7ñNÿ£ûRÿ£ýdÿ}ï�� � ñ~ö7ô ójï��Rò�ï1ô�ð1ï´û����Kïið�õ�ó�ó
	dû�ü
ï��Gö�
)ïiô�ð#ï|û���ü²öuô�
�ó����Kï1õ}ó��gûRÿªûRò)õ���û�ü8ó��hõ�	dï0ð#òdÿ}ÿvïiôGõ�õ�	döuô�úGö7ô���ö�óZð#ûNô�ð#ï1ôGõ}ÿ}ñ~õvï�
 ûNôùñ
ýdö�ð�õ}òdÿ}ïTû��*ójö � òd÷uõ}ñNôdï1ûRò�óAö7ô���ñN÷u÷)ñ~ô�
{ûNòdõ���û�ü���ö7ô£ü�	dö�ð�	£ö7ô���ñ~÷7÷)ñ~ô�
£ñNð1ð1ÿvï1õvö7ûNôZû)ð1ð1òdÿ�õvû��
üañ~ÿ�
dó:õ
	�ï8ýdÿ}û~õvûGóKõ}ï1÷7÷7ñNÿ¶ï��Gò�ñ~õvûNÿ}ö�ñ~÷)ÿ}ï��Nö7ûNô�ó��NñNô�
0ñ
ü²ö7ô�
��dÿ}ïiñ~ú)ó¶ûRò)õTñ~÷7ûNô��
õ
	dï8ý*ûN÷7ïió
� ï�� ���� 8ô�
)ÿ
!£ï#õ+ñ~÷"�#�%$�&'&�(')��+*­ï#õ+ïWñ~ÿ}÷uø0õ�	dö7ôdú�öuô��0ûRô�õ
	dï{ójõ}ñ��Nïióaû��:øRûNòdô���ójõvïi÷u÷�ñ~ÿ²ï��Nû��
÷7ò)õvö7ûNô�ö�
)ï1ôGõvö-,�ï�
�ñ|ý�	�ñRójï
ö7ô�ü�	�ö7ð�	�öuô���ñ~÷7÷%
)öuÿ}ïið#õv÷7ø´ójõvÿ}öuúRïiócõ
	dïZý�ÿvûNõvûRójõvïi÷u÷�ñ~ÿaóvòdÿ���ñRð#ï'�
ü²öuõ
	�ôdû£ûRò)õ���û�ü ýdÿ}ïióvï1ôGõ �/. 	�ò´ï1õañN÷/�#�0$�&�132�)��Nôdû�ð#÷7ïiñNÿTï�4dñ � ý�÷uïWócñNÿvï8ú�ôdû�ü²ô´û��góvò�ð�	
ýdÿ}û~õ}ûRójõ}ñNÿ}ó��65Vôþõ�	dö�ó£ð#ûRôGõvÿ}ö-�dòdõvö7ûNô75Zð#ûRô�ójö�
)ïiÿ{÷uö � ö\õ�ó£ûRô õ
	dï�õvö � ïWóvðiñ~÷7ï8�@ûNÿ�ýdòdÿ}ï1÷7ø9�
ñRð1ð#ÿ}ï#õ}öuô�� û����Kïið�õ�ó|öuô�õ
	dï%ð1ûNôGõvï�4Gõ�û���õ
	dï%ójõ}ñNô�
dñ~ÿ�
 � û�
)ï1÷²û���ö7ô�óvö#
)ï��EûRò)õ0ð#ûN÷7÷�ñ~ý�óvï



$���� ��� ���
	���
������

�@ÿ}û � ñ � ûR÷uïWð#òd÷�ñ~ÿ²ð#÷7ûNò�
�ð1ûNÿ}ï��
� 	dï � ñ�õ
	�ï � ñ�õ}ö7ðiñ~÷0�@ûNÿ � òd÷�ñ�õ}öuûRô�ö�ó²ñ �Nï1ô�ï1ÿ�ñ~÷7ö��Wñ�õvö7ûNô
û�����öu÷7ú�öuô�� . õ}ñ�	�÷uïiÿ � $�&�&'1') �0
)ÿ}ûNýdýdö7ô��0õ�	dï�ñRóvóvò � ý)õ}öuûRô�ó8û��­ôdûNÿ � ñ~÷ �@ûRÿ}ð1ï ��ñ~÷�ñ~ô�ð#ï
ñNô�
8�Gò�ñNóvö-�Iójõ}ñ~õvö7ûNô�ñNÿvöuõKø
õvû{ý*ï1ÿ � ö\õ �@òd÷u÷�õvö � ï�� 
)ï1ý*ï1ô�
)ï1ô�ð1ï+ñ~ô�
8
)ø�ô�ñ � ö�ð1ñ~÷�ï�4)ý�ñ~ô�ójö7ûNô
� ûNÿ8ð1ûN÷7÷7ñNý�ójï ) �

�²ä �����Gìhè�í �8çdíjéTæ é"!0ç$#%�3åRæ&!('�)*),+%- íjæ+ê.+/'¶æ�ê10 èdé¶ç)é"�Rç2'�è

� 	�ïZöuô�óvö�
)ï��IûNò)õ8ð1ûN÷7÷7ñNý�ójïªû��¶ñ�ójö7ô��Ròd÷7ñNÿ��)ö�óvû~õ
	�ï1ÿ � ñN÷�ójý�	�ï1ÿ}ïªø�ö7ï1÷�
dó8ñ � ñNó}ó²ñNðið#ÿ}ï#õvö7ûNô
ÿ�ñ�õ}ï4357698;:$< =�>@?�ACBDFEHG ñ~õ�õ
	dï%ð#ïiôGõvï1ÿ �". 	�ò%��$�&32�2�)��7I8ïiÿvïJA D ö7ó|õ�	dï�ö�óvû~õ
	�ï1ÿ � ñN÷
óvûNò�ô�
 óvý�ïiï�
�öuô õ
	dï0ð1÷uûRò�
 ð1ûNÿ}ï��  �õ
õ
	dï|ûNÿ}ö#�Nö7ô ö�óªñ�ýdÿ}û~õ}ûRójõ}ñ~ÿ�ü�	dûRóvï � ñRóvó �Nÿ}û�ü8ó
÷7ö7ôdïiñNÿv÷7ø%öuô õvö � ïK5ML.8 3596HN �gü�	dï1ÿ}ïON+ö7óªõ�	dï|õvö � ï0óvöuô�ð#ï�õ
	dï0ójõ}ñ~ÿvõ
û���ð1ûN÷7÷7ñNý�óvï���5Vô
õ�	dï
ýdÿ}ïióvï1ô�ð1ï+û���öuôdöuõvö�ñ~÷"�dóvûN÷7ö#
3� �*û3
dø0ÿvûNõ}ñ�õ}öuûRô%�Rõ
	dï
ö7ô���ñ~÷7÷hö7ó 
)ö�óKõ}ûNÿvõvï�
 �dñ~ô�
�ñNðið#ÿ}ï#õvö7ûNô
û)ðið#òdÿ�ó�ýdÿvï��@ï1ÿ}ï1ôGõvö�ñ~÷7÷7ø|ûRôGõvû�õ
	dï{ð1öuÿ�ð#ò � ójõvïi÷u÷�ñ~ÿ 
)ö�ójú �QP ÷7ÿvö�ð�	%� $�&32HRTS2U�ñRóvóvï1ôV�XW%û�ûRó��
� ñNô%� $�&�1�$@ST��ï1ÿ}ï��*ï1ø�ï1õ
ñN÷/�#� $�&�1@�9) �Y� 	dï�ô�ñ�õ}òdÿ}ñN÷�÷7ï1ô��~õ
	ùóvðiñ~÷7ï{û��Tõ
	dï�
)ö�óKõ}ûNÿvõvö7ûNô·ö�ó
õ�	dï�ð1ï1ôGõvÿ}ö-�@ò��RñN÷­ÿ}ñ'
)ö7ò�ó[ZY\^]^_ ��ü�	dö�ð�	7�Nÿ}û�ü8óZñNó`N B'� 5
õvòdÿ}ôþûNô ñ%ü²ö7ô�
þñ~õ{õ
	dï�óKõ}ï1÷-�
÷�ñ~ÿ
óvòdÿ���ñRð#ï'��û��Tÿ}ñ'
)ö7ò�ó/Z L �hñNô�
·ô�ò � ïiÿvö�ð1ñN÷u÷7ø 
dï#õvïiÿ � ö7ôdï|ü�	dï#õ�	dï1ÿªö\õZð1ñNô 	�ñN÷\õªöuô���ñ~÷7÷
ñNô�
·ïWóvðiñ~ý*ï��� �õZïiñNÿv÷7ø�õvö � ïWó��aZ \^]^_cb ZYL|ñNô�
%õ�	dï�ñNð1ð1ÿvï1õvö7ûNô·ö�óªôdïiñNÿv÷7ø�ö7óvû~õ}ÿvûRýdö�ð��
� ñNúGö7ô�� �dÿ}ïiñ~úRûNò)õaû���õ
	dï
ü²ö7ô�
 
)öed�ð1òd÷\õ��  �õ²÷7ñ~õvïªõvö � ïió��)ü�	dï1ôJZ \^]^_gf Z`L��)ïió}ð1ñ~ý*ï
�*ïið1û � ïióaïWñNóvø´ñ~÷7ûNô��£õ�	dïZý�ûR÷uïWó��

h�ûNÿ²óvö � ýd÷7ö7ð1ö\õKø'��õ
	dï
ü²ö7ô�
�ö7ó²ñRóvóvò � ï�
´ö7óvû~õ}ÿvûRýdö7ð�ñ~ô�
�û��:ð#ûNô�óKõ�ñ~ôGõaóvý*ï1ï�
Jikj �dñ~ô�

� ñRóvó��E÷7ûRó}óªÿ}ñ~õvï 35 j �K� 	dï0ü²ö7ô�
 ñ~ô�
ùö7ô���ñ~÷7÷Tð1ûN÷7÷uö�
)ï�óvòdý�ïiÿ}óvûNô�ö7ðiñ~÷7÷uø'�Añ~ô�
 ñ%ó
	dû)ð�úNï�

ó
	dïi÷u÷��@ûNÿ � ó��
lAû�ü ójý*ï1ï�
dó¶ö � ý�÷uø|ÿ}ñNýdö�
0ð#û�ûN÷7öuô��
ñNô�
0ñ �Nïiû � ï#õ}ÿvö�ð1ñN÷u÷7øZõ�	döuô�ó�	dïi÷u÷"�
� 	dï

døGô�ñ � ö7ðió£û��+ójò�ð�	 õvö � ï�� 
dï1ý*ï1ô�
)ïiôGõ��¶õ�	döuô ó�	�ï1÷7÷7ó 	�ñNó ��ïiï1ô 
)ö7ó}ð#ò�óvóvï�
 ö7ô 
)ï1õ}ñNöu÷ ��ø
m ö7òd÷7ö7ñNôdö � $�&�1�n�)�� 5ªö7ô�ð#÷7ò�
)ï�õ�	dï0öuô�ýdò)õ}ó£û�� � ñRóvó£ñ~ô�
 � û � ï1ôGõvò � �@ÿ}û � ö7ô���ñN÷u÷"�Aõ�	dï
ü²ö7ô�
 ��ñ~ô�
´õ
	dï��Rÿ}ñ ��öuõ}ñ~õvö7ûNô�ñN÷��@ûRÿ}ð1ï 
dòdï
õvû|õ
	�ïZýdÿvûNõvûGóKõ�ñ~ÿ��

o²ä pq#%�cp|è$'
�&�`�gêr- íjæ+êts�çC'
u��

h�ûNÿ�ñ �Nö#�Nïiô0ï��RûN÷7ò)õvö7ûNô�ñNÿvø£õvö � ïªñNô�
0ÿ�ñ�õvö7û[vqw 35 j E 35 6 �'5 
dï#õvïiÿ � ö7ôdï8õ�	dï � ö7ôdö � ò �
ü²ö7ô�
�óvý�ïiï�
|ôdïið1ïió}óvñNÿvø
õ}û �dÿvïWñ~ú{ûRò)õ¶û��*õ
	dï²ö7ô���ñN÷u÷7öuô�� ��û�ü���h:ö#����$²ó
	dû�ü8ó¶ñ~ô|ï�4dñ � ýd÷7ï
ðiñ~÷�ð#òd÷�ñ�õ}öuûRô�û��gñ�ó�	�ï1÷7÷�õ�	�ñ�õ ��ñ~ö7÷7óTõvû|ïió}ð1ñNý�ï�ñ~ô�
 ��ñ~÷7÷7ó ��ñNð�ú|õ}û{õ
	�ïªójõ}ñNÿ��+5Vô�õ�	dö7ó�ð1ñRójï'�
ñ � û�
)ïiójõ²öuô�ð1ÿvïWñNóvï+ö7ô�ü²ö7ô�
�ójý*ï1ï�
 
dÿ}ñ � ñ~õvö�ð1ñN÷u÷7ø0ð�	�ñ~ô��Rïiócõ
	�ïªûRò)õ}ð1û � ï���ý*ï1ÿ � ö\õvõvö7ô��
��ÿvïWñ~úNûRò)õAû��)õ�	dïTó
	dï1÷7÷'�@ÿvû � õ�	dïTö7ô���ñ~÷7÷Gÿvï��Nö7ûNô%�%5�óvûN÷#�Nï�
+õ�	dïTý�ÿvû'�d÷uï � ö7ô 
)ö � ï1ô�óvö7ûNôd÷7ïió}ó
�@ûRÿ � ��ü�	dö�ð�	 ÿ}ï�
dò�ð#ïWó�õ
	dï%ý�ñ~ÿ�ñ � ï#õ}ï1ÿ�óvý�ñNð1ï �@ÿ}û � ójö-4 � ZYL@x 359jyxkikjzxTA D xT{|x$N�)�õvû
õ�	dÿ}ï1ï8
)ö � ïiô�óvöuûRô�ó � ôdûRô�
)ö � ïiô�óvöuûRô�ñ~÷�õ}ö � ï~} �gü²ö7ô�
 ójý*ï1ï�
q� �gñ~ô�
qv ) �8 +óZñ�ÿ}ïióvòd÷\õ��
õ�	dïTý�ñ~ÿ�ñ � ï#õ}ï1ÿgóvý�ñNð1ï 	�ñRó%�*ï1ï1ô �@òd÷u÷7ø
ï�4)ýd÷7ûNÿ}ï�
 ��h�ö#���Hn²ó
	dû�ü8óhõ�	dïcð1ÿvöuõvö�ð1ñN÷Nü²ö7ô�
{óvý�ïiï�

�@ûRÿ �dÿvïWñ~úRûNò)õ��[� 	dï1ô�õ
	�ï|ü²ö7ô�
�ÿ}ñ � ýdÿvïWóvóvòdÿ}ï�ï�4dð#ï1ï�
dó�õ
	dï�ö7ô���ñ~÷7÷�ÿ}ñ � ýdÿ}ïió}ójòdÿ}ï�ñ�õ
õ�	dï´ójõvïi÷u÷�ñ~ÿ{óvòdÿ
��ñNð#ï'�Aõ�	dï�ü²ö7ô�
 � ñ�ø·öuô�ö\õ}ö7ñN÷u÷7ø�ý�ò�ó�	 õ�	dï�ó
	dï1÷7÷Tòdý�üañ~ÿ�
dó���îcòdõ£ö �aõ�	dï



���������	�	
H����
����������	����������� 
�
�
�� 	�������� �����������^��� 
H
�
�����!#""��$ �%�&�H��'(� �)� $���$

Nondimensional cylindrical radius
0 2 4 6

0

2

4

6

0
0

Cylindrical radius, cm

0 2 4 6

0

2

4

6

0
0

h:ö#�Nòdÿ}ï6$+* ©�J�XZQ}m�Q�±�Oik\MNHKJ�OWD�Oi«�[£«r[1J�k\Q�P�OWMNHV³�O�¬²e�©��GQ�FVOWk�J\P���MNUK±�Q�F�FV�RO�¬�HK�GQªJ�DRJ�HKJ\[1kAUKJ�FVQW]
¬­�GJ�k�Q{PRO1HVHKQ�P´�}MRUK±�Q�F²FV�RO�¬µHK�RQ
FVMG®RFVQ&,�MGQ�D�HaUKQ}��OWk�k\[ibRFVQWe�©��GQ
bNUKOiHKOWFIHKQ}k\k\[#U
[1sWQZFVJ�DG��QZ�}OiUKQ
«�O1UKX{[1HKJ�OWD�J�F.-�/ 02143&576+°�Q�[#UKF�ea©��RQ8FV��[ib)Q}Fa��OiUVUKQ}FVb)OWD�P�HKOZQ&,�MG[ik*HKJ�XZQ8J�D~HKQvUK±W[1k\FTOi«�58/ 5�3&9
°�Q�[#UKF�e8©��GQ�FVJ;:}Q
Oi«gHK�GQ+��Q�D�HVUKJL«�MRs�[ik�Uj[iPRJ�MGFaJ�FaJ�DGPRJ���[1HKQ�P´®�°�HK�RQªPNJ\FV¯)e=<�Q�DGs1HK�GF²[#UKQªJ�D´��X
OWD£HK�GQak�Q}«uHa[1D�P�®)O1HVHKOWX�[#�RQ}F�]�[1D�P|J�D|MRDGJLHKF¶Oi«�HK�RQaFIHKQ�k�k\[1UTUj[WPNJ\MRF­OWD|HK�RQ�UKQ�X{[iJ�DRJ\DRs
[#�RQ}F�e

ü²ö7ô�
´óvý*ï1ï�
´ö7ó�÷7ïió}ócõ
	�ñNô�õ
	�ï
ð1ÿvöuõvö�ð1ñN÷*óvý*ï1ï�
%��õ
	dï
ó�	�ï1÷7÷hójõ}ñN÷u÷�óañ~ô�
 ��ñ~÷7÷7ó ��ñRð�ú0��� 	dö�ó�ö7ó
õ�	dï
õvÿ�ñ~ýdý*ï�
�ü²ö7ô�
%ójõ}ñ��Nï�� 5Vô h�ö#���0(��döuõ}ó 
)òdÿ�ñ�õ}öuûRô�ö�óaõ�	dïZõvö � ï �*ï#õKü�ï1ï1ô�õ�	dï 
dñRó�	dï�

� ÿ}ñ � ý�ÿvïWóvóvòdÿ}ï ��ñ~÷�ñ~ô�ð#ï�)Tð#òdÿ��Nïªñ~ô�
0õ
	dï
ójûR÷uö�
0ûRôdï � ð#ÿ}ö\õ}ö7ðiñ~÷hü²öuô�
�ójý*ï1ï�
�) �@ûNÿ²ñ �Rö-�Rï1ô
ÿ�ñ�õ}öuû~vqw 359j
E 3596 �



$���n ��� ���
	���
������

h:ö#�Nòdÿ}ïKn�* `|J�DGJ�X�MGX ®RUKQ�[i¯�OiMRH8¬­J�D�P�FVb)Q�Q�P�±�Q}UKFVMRF�Q�±WOWk�MRHKJ�OWDG[1UV°´HKJ�XZQWe�©��RQZHK�RUKQ�QZk�O���J
��OiUVUKQ�FVb)OiD�P%HKO0HK�RUKQ�Q{Uj[1HKJ�OWF�]��:]gOi«THK�GQ{¬­J�D�P%X{[iFVF�k�OWFVFªHKO�J�DR«�[ik�kT[i���}UKQvHKJ\OiD Uj[#HKQWe��ROiUZ[
sWJ�±�Q�D��:]gHK�GQ{UKQ�sWJ�OiDù[1®)O1±WQ£HK�RQ���MNUK±�Q{��OiUVUKQ}FVb)OWD�PNFªHKO´®RUKQ�[1¯�OWMNH�]�¬­�GJ�k�Q|HK��[#Hª®)Q�k�O�¬ÀHK�GQ
��MRUK±�Q|��OiUVUKQ�FVb)OiD�PNF{HKO´UKQ���Oik\k\[1bGFVQWe�©��GQ|b)O#¬:Q}UVm�k\[�¬ J�DG�}UKQ�[iFVQ0J�D����
	���
�[1H{Q�[#UKkL° [1D�P�k\[#HKQ
HKJ\XZQ}F¶J\FT[1FVFVO���J\[1HKQ�P�¬­JLHK�|HK�GQ�J\DR�}UKQ�[1FVJ\DRsZsiUj[�±~JLHj[1HKJ�DGsZX{[1FVF¶Oi«�HK�GQ�bRUKOiHKOiFIHj[1U�e

�+ä � í*��ì�ë&�C��íKéTæ

� 	�ï�ÿ}ïióvòd÷uõ}ó�û���h:ö#�Ró��$n£ñNô�
6( � ñ�ø8�*ïªïiñNóvö7÷uø�ó}ð1ñN÷uï�
�õvû�ñ~ýdý�÷uø�õ}û������������������ �"!aü²ö7ô�
dó��
��ø·ð1û � ý�ñ~ÿ}ö7ô���õ}û�ñNô ï��Gòdö#��ñ~÷7ï1ôGõ���ö�óvû~õvÿ}ûNý�ö7ð�ü²öuô�
 	�ñ ��ö7ô��´õ�	dï�óvñ � ï � ñNó}ó
ñ~ô�
 � û��
� ïiôRõ}ò � ÷7ûRó}ó�ÿ�ñ�õvïWó�ñ~÷7ûNô��ùõ
	�ï ���Vñ 4)ö7ó�� 5Vô�
)ï1ï�
 �²ñ�õ0ïiñNÿv÷7øþõ}ö � ïió��cõ
	dï%ï��NûN÷7ò)õ}öuûRô�ö�ó



���������	�	
H����
����������	����������� 
�
�
�� 	�������� �����������^��� 
H
�
�����!#""��$ �%�&�H��'(� �)� $��'(

log (t, yr)
3 4 5 6

-1 0 1 2
-0.5

0

0.5

1

1.5

2

-0.5

0

0.5

1

1.5

2

1/10

1/3

h:ö#�Nòdÿ}ï (�*�� UKJLHKJ���[ikT¬­J\DGP�FVb)Q�Q�P «�O1U£®RUKQ�[1¯�OWMNH0prFVOWk�J\Pù��MNUK±�Q�Fjtv]�J�D�MGDGJLHKFZO1«aHK�GQ|«uUKQ�Q}m@«r[1k�k
prQ�FV��[1b)Q#t8FVb)Q}Q�P�]A[1F
[|«7MGDG�vHKJ\OiD�Oi«TQ�±WOWk�MRHKJ�OWDG[1UV°´HKJ�XZQWe0©��RQ£�}OiUVUKQ�FVb)OiD�PRJ�DRs ��m>±i[ik�MRQ�F+[1UKQ
FV�GO�¬­D�]�[1Fª¬�Q�k�kT[iF�HK�GQ{¬­J\DGP%FVb)Q�Q�P·DGQ���Q}FVFK[1UV°�«7OiUZUj[iX bRUKQ}FVFVMRUKQ|®G[ik\[iDR��Q�[#HªHK�RQ�FIHKQ�k�k\[1U
FVMRUV«�[i��Q·p@PG[1FV�GQ�P���MRUK±�Q}Fjtve�ScFVFVMRXZJ�DGs�¬­J�D�P�ku[1MGDR�v� �}OWD�PNJLHKJ\OiDGF�»�º��W»���� �	��

������� /�prJ@e QWe
«�Oik\k�O�¬­J�DGs£[
�GO1UKJ :�OWD�Hj[ik�k�J\DRQ8J\D�HK�GJ�F���sWMNUKQ#tv]�Q}±�OWk�MRHKJ�OiD�®)Q�sWJ�DRF�[#HTHK�RQ²k�Q}«7HcQ�PRsiQ8Oi«�HK�GQ²bRk�OiH
¬­JLHK��HK�GQ
¬­J�D�P�MRD�[1®Gk�Q
HKO0[WPN±W[1DG��QZ®)Qv°�OWDGP´HK�GQZFIHKQ}k\k\[#U
FVMRUV«�[i��Q{MRD~HKJ�kAHK�GQZk�J�DGQ{J�D�HKQ}UKFVQ��}HKF
HK�GQ0[1bGbNUKOWbRUKJ\[#HKQ�PG[iFV�RQ�P��}MRUK±�QWeþ©��GQ�DùHK�RQ���HVUj[ibRb)Q�P·¬­J�DGP���bR��[1FVQ�k\[iFIHKF£MGD�HKJ�k­HK�RQ�k�J�DGQ
J�D~HKQvUKFVQ��}HKF�HK�RQc�}OiUVUKQ�FVb)OiD�PRJ�DRs�FVOik\J\P£��MRUK±�Q¶«7OiU­®RUKQ�[i¯�OiMRH�e �GO1U�Q}�R[1XZbGk�QW]�«7OiUc»�º��i»�������� 3 / 9��
¬�Q²«�Oik�k\O�¬µ[Z�GO1UKJ :�OWD�Hj[ik*k\J�DRQª[#H�� �"!$#�» º �i» �����&% � 58/ '�e�©��RQ+HVUj[1bGb)Q�P|¬­J�DGP�bG��[1FVQ�®)Q}sWJ�DGF�[1H
�)( 3&* 575 5,+�-N]�¬­�RJ\k�Q�®RUKQ�[1¯�OWMNHªO����}MRUKFªOiDGkL°·[#H)�.( -70 5 5 5,+�-N]AJ�DGPRJ���[1HKJ�DRs�[0FVMR®GFIHj[iD�HKJ\[ik
PRMNUj[1HKJ�OWD£«�OiUTHK�GQcHVUj[ibGb)Q�P£¬­J�D�P|FIHj[1sWQWe



$��@� ��� ���
	���
������

ý�ÿvö � ñ~ÿ}öu÷7ø6
)ï1õvï1ÿ � öuô�ï�
 ��ø�õ
	�ï � û � ï1ôGõvò � ÷uûGóvóaÿ�ñ�õ}ïZû��:õ
	dïZü²ö7ô�
�ö7ô�õ
	dö�ó 
)ö7ÿvïWð�õ}öuûRô%�
 �õ8÷�ñ�õ}ïªõvö � ïWó���ö\õ²ö�óaõ
	dïZü²ö7ô�
�ójý*ï1ï�
�ÿ}ñ~õ
	dïiÿcõ�	�ñ~ô � û � ïiôRõ}ò � ÷7ûRó}óaÿ}ñ~õvï�õ
	�ñ~õ 
)ï#õ}ï1ÿ
�
� ö7ôdïió �dÿvïWñ~úRûNò)õ�� 5IõZö�ó�	dûNý*ï�
 õ
	�ñ�õZõ
	�ïióvï�óvï � ö-�IñNô�ñ~÷7øGõvö�ð|ÿvïWójòd÷uõ}ó
ü²ö7÷7÷¶öuô�óvýdö7ÿvï � ûNÿ}ï

dï#õ}ñNöu÷7ï�
�ï�4�ý�÷uûRÿ}ñ~õvö7ûNô�û��:õ
	dö�ó8ýdÿ}û���÷uï � ü²ö\õ�	 �@òd÷7÷uø�ÿ}ñ'
)ö�ñ�õvö#�Nï 	�ø�
)ÿvû�
)ø�ô�ñ � ö7ð
óvö � òd÷7ñ��
õ}öuûRô�ó�� � 	dï+ï�4)ö7ójõvö7ô��Z÷7ö\õ}ï1ÿ�ñ�õ}òdÿvï � ï�� ���@h�ÿ}ñNôdúO���8ûRÿvö7ï��Gñ � UcÿvïWójý*û��3$�&�& �3)�ûNô|õ
	dö�ó­ö�ó¶ôdûNõ
ö ��� ï�
)ö�ñ�õ}ï1÷7ø·ð#û � ý�ñNÿ}ñ��d÷7ï ��ïWð1ñNò�ójï£õ
	dïiø 	�ñ �Nï£ò�ójï�
 ñ 
)ö��hï1ÿ}ï1ôGõ�
)ï1ô�ójöuõKø%÷7ñ�ü3ü�	dö�ð�	
ö�ó�ójïi÷ � �Vójö � öu÷�ñ~ÿ��Gòdôd÷7öuúRï8õ
	�ñ�õaû�� U�ñNó}óvï1ôK�cW%û�ûGó � ñ~ô � W%ûRÿvïiû �Nïiÿ���5cñ~ÿ��Nòdï²õ�	�ñ�õ�öuô�ö\õ}ö7ñN÷
ð1ûNô�
dö\õ}öuûRô�ó£ü²öuõ
	�ü²öuô�
 �Nïi÷uû)ð1ö\õKø � ò�ð�	 �Nÿ}ïiñ~õvï1ÿ{õ
	�ñNô õ
	�ï�ð1ÿvöuõvö�ð1ñN÷ �Nïi÷uû)ð1ö\õKøþñ~ÿ}ï�òdô��
ý�	Gø)óvö7ðiñ~÷"�RñRó­ójò�ð�	�ñ{óKõ}ÿvûRô��Zü²ö7ô�
�ücûRòd÷�
�	�ñ �Nï��dÿ}ûNúRï1ô�ûNòdõcñ�õcñNô0ïiñNÿv÷7öuïiÿ�õvö � ï���òdôd÷7ïió}ó
õ�	dïZü²ö7ô�
�ö\õ�ójïi÷ ��ï��RûN÷#�Nïióaójõvÿ}ûNô��R÷uø0ü²öuõ
	�õ}ö � ï��

. õvÿ}ûNô��·ð1ûN÷7÷uö � ñ�õvö7ûNôþû��8ü²öuô�
 �GøþñNôdö7óvû~õ}ÿvûRýdö�ð�öuô���ñN÷u÷cö7ó�ôdûNõ�ójïiï1ô ö7ô õ
	�ï�ð#ò�ÿvÿ}ï1ôGõ
ðiñ~÷�ð#òd÷�ñ�õ}öuûRô�ó���ñ~÷uõ
	�ûNò��'	 �@òdÿjõ�	dï1ÿ£ï�4)ýd÷7ûNÿ�ñ�õvö7ûNô û���õ�	dö�ó{ö�óvóvòdï�ö�ó �@ûNÿvõ
	�ð#û � ö7ô���� 5
ôdûNõvï
õ�	�ñ�õcôGò � ïiÿvö�ð1ñN÷dójö � ò�÷7ñ~õvö7ûNô�ó 
)ï � ûNô�ójõvÿ�ñ�õ}öuô��Zójõvÿ}ûNô��Zð1ûN÷7÷uö � ñ�õvö7ûNô8
)ò�ïaõvû
õ
	�ï+ð#ö7ÿ}ð1ò � �
ójõvïi÷u÷�ñ~ÿ 
)ï1ô�ójöuõKø%ñNóvø ��� ï#õ}ÿvø � ï'� ������ï1÷�ñ � ñNÿjõ}ï1ÿ+ï1õ
ñN÷/�#� n �@���') 	�ñ �Rï£ñNó}óvò � ï�
·ñ � ò�ð�	
� ûRÿvïZñNóvø ��� ï1õvÿ}ö7ð 
)ïiô�ójöuõKø ,�ï1÷�
´õ�	�ñ~ô�õ
	�ñ�õ8ò�óvï�
 	dïiÿvï'�

��� ?AB
	���=�
�����
���
�B����

C�[1X s1Uj[1HKQ}«7MGk�HKO­HK�GQ
��®GFVQ}UK±i[1HKOiJ�UKQ:PRQgk\[ �
� HKQ�P�Á S :�MRU�«�OiU�[��cQ�DRUKJ�fhOiJ�DG��[#U�� �GQ�k�k�O�¬­FV�GJ�b
[1D�P
HKO�HK�GQ�� �}b�[1UVHKQ}XZQ�D�H �RUKQ�FVDRQ�kr]�^²`"!$#ªwiwWoix�«7OiU��GOiFIHKJ\DRs²X�°8b)OiFIHjPRO��}HKO1Uj[ik�FIHj[�°�J\D �RUj[iDR��QWe�C
[ik�FVO�HK�G[iDG¯ � ��_aS � °R©&%W`"�}�NJ���O8«�O1U ��DG[iDG�}Ju[1k)FVMGbRb)OiUVH¶[1D�P'#de(#~Hj[i�Rk�Q}U�«�O1U¶Q�DR��OWMNUj[isWQ}XZQ�D�H
J\D�HK�GJ�F�¬�O1UK¯de

)*
�+,
.-/
�B � 
��

ScD�P~U��W]Rfhe\]10%[#UjPNm>©��GOiXZbGFVOiD�]1�ªe�]�2:[1UKFVOWD�°�]�`�e�]43�zWzWl~]dScb.576�y�8N]43#oWo
� [iFVFVQ�D�])fhe�])`|O�OiFVX{[iD�]�S+e�]93�zWx(3W]GCE��[#UKMGF&6�x~])l�w1l
�aQ�k\[iX{[#UVHKQ}U�];:�e�] �RUj[iDR¯)]�S8e\]1��[1UVHKX{[iDRD�]+<ge�]�oiyiyWyN])Scb�5
wilWy~])zWoil
�RUj[iDR¯d]RS8e\]R_�O1UKJ�Q�s�[#m � UKQ}FVb)OR]dS8e\]93�ziz�6N])S$<²S oiziyN];8=6�l
:�J\MRk�Ju[1DGJr];5Ne <Ae�]�3�zix�o�]dScb.5ZoWw=8N];8Wo=6
#N�~M�] �:e ��e�]93�z�nin~]dSTb�5Zo/3>6N]�6�xix
#N�~M�] �:e ��e�]GSTPR[iXZF�] �:e � e�]�<�J :�[1DGON]?#de�]93�zix�n~]�S@!cS�S�oWw�]doil
©*Q}UKQ�®)Q}°�].#)e\]�#N�~M�] �:e �+e\] � [iFVFVQ}D�])fhe�]�3�zWx=6R])STb�5Zo1xA8~]dwWo1z
^�kLUKJ��v��].!8e B
e\]93�zWn�8~])Scb.5Zo(3�yN]�l�nWn
0þJ�k\¯~J�D�] �:e fhe\];#~Hj[1�Gk�Q}U�]�#de 0 e�]43�zWzixN])STb�5Zw1y�o�];8A8(3


